
Math 565: Functional Analysis
Lecture 4

Discussion of LP vs (1 When pag let 1pg >8. Fix &30 and let fo : 10 , d) + 10
,
9) be

De function x1 .

Then Riemann integration dows that #10
,
·E L'(IR

,1)=
IRX ↑ <I and 1967 (PIIR ,X) pSt .

So for pag ,

the functions

in 12 blow
up

fasher locally , while functions in 2 decag slower1 ....

-
f

at N
. The first case only matters when there are arbitrarily small

IR
I &

measure sets l . g , atomless) while the second phenomenon happens in

any infinite measure space .

Prop .

Let 0 < p
< y = 0.

(a) IP(X) = e"(X) for
any

sed X
.

In fact
, Ifly : /Alp for all :x -> K .

(6) ((X
,m) = ((X,m) for

any finite measure space (X
,M. In fact

, 1/fllp = M(X)
**111f1/a

In particular, when (X
,g) is a prob space , then Ifllp = Ifly

norm via integration against (2 Ut lepea and let yel be its conjugate exponent,
i
.

e
. t + t = 1 leniv . p-1 = P/g) . Let (X

, M) be a measure space and X-4 be a

-measurable function such that :

(i) If + 03 is 5-finite
,
i n e . = NXn with elxu) <8 .

(ii) fig L'(m) for all simple
" *

gE(n) k=> (g + Ph has finite measure.

Then

Mellp = <up)1/igdel :

g simple and Ilglq = 1) = <up > 189dm) : Ilgllg = 1 .

Proof
. By Holder's iney , 1Stydm1 = J1fIgid = KAp - //glla : /Alp for all get),

so <up)1Stgdm) :

g simple and Ilgllq = 13- <
up > /fgdm) : Ilgllg = 13 : llfllp and

we need to chow llfllp ? suph/Stydm : g is simple with Ilgllg : 13.
We first make the condition in the

supremum
less restrictive

, leaving its proof for HW.



Claim . <ap(1/gdml : g simple and Ilyg: 1) = sup31/gdul : /Igq: 1
, y bed , M3g + 03 <* G.

We abso leave for HW the proof for p =& and assume pag here .

If we knew but f is bod
,
has finite measure suppor

↓ and is in
,
knew asa we

would take
g :=

1f1" sguf
.

Then
, recalling that p-l = By , we would have :

1If/1+

(a) 11 gla = litple · (Imm
*
= Ntpp) = 1 ;

(6) (tydm = y , (d = y - ,
/+p = 11fllp
.

so Ifllp = Sigdm-sup 1 ... 3. However , we dou'd have that is like that Ibdd
,
finite

measure support and in (P) , so we approximate f by such functions . Let Ful be a sequence of
M

simple functions such that En -f pointwise and Ful /f) . Then fo:= Axufu are still simple,
futf pointerise and Iful-If) , but also ItuF0] = Xu so it has finite measure .

Take g :=
Iful " squt .

The go are not simple /because of squt) but they are bod
11 Fulli and have finite measure support . Also , by the same calculations

as above
,
we have

(a) Il gall = 1
;

181) Jefully) de = I full p ;
(c) +yu = If/lgul

Thus
, applying MCT to I/If1", we get

1lfllp = him I/Fullp = him (Hullgelde -> him (Alga/du = him Stander
u

saph/Stydm) : Ilgllq= 1
, g
ble
, M(g +0] <* 3.

Minkowski's inequality for integrals of functions
.
Let (

,M) and (4
,
0) be definite measure

spaces and12ped .

Let f : XXY -> & be a uxp-measurable function such that



Y I 11810 , z)1lp is in L'(0) (in particular , f( , y) (PM) for 0 - 0
.
e. yEY) . Then

f (x
,
.) e L'(v) for a . e . xEX and

1) JF( , y)do(g)(lp = (118). , y)/lpdo(g) ·

(t

Remark
.

Minkowski's original inequalityIf + gllp : Ifp + /Iglp is a special case of this
with Y : = 2 and v:: counding measure .

Proof
.

It suffices to prove the statement for If1 since f(x,)+(d)> If(x,))eL(o) and

J (;z) doly) ((f), y)/do/g) .

Thus
,
we may assume WLOG that20

,
20 JF(x, 3)drly)

is defined and 14) would automatically imply that fix, L'/) for a . e
.
xeX.

For p = &, () is immediate because If (x ,y(dv(y) => (11f10 , y)/ldduly) .

Suppose par . Denoting F(x) : = Jf(x, y)doly) (4) becomes

1) Fllp = (117). , 32/lpdr/y),
and we prove this by the calculation of 11Fll via in tegration against ((m).
To apply this statement

,
we first verify that Eye L(p) for all gz((m).

Claim
. IIFg11 , a llgIq . (1181shlpdoly) < & for all ge(m).

Pf of Claim
.

Tonelli

JF . (g)dm = () f (x
,3)(g(x))drig)dM(x) = () +(x,x)(g(x))dM(x)do(s)

CHolder] 1) 181 , 3)llp · IIgllg doly) = Ugly · (1181g)/lpdr(p) <&. Klaim)

Thus
,
for IIgIy = 1 , (JFgdml-llFgll , = ) 1181, sellpdoly) ,

so

11 Fllp = cup(1/Egdml : /Iglg = 1) = (1186 , sellpdoly) ·


